Abstract. Over an infinite field K, we investigate the minimal free resolution of some configurations of lines. We explicitly describe the minimal free resolution of complete grids of lines and obtain an analogous result about the so-called complete pseudo-grids. Moreover, we characterize the Betti numbers of configurations that are obtained posing a multiplicity condition on the lines of either a complete grid or a complete pseudogrid. Finally, we analyze when a complete pseudo-grid is seminormal, differently from a complete grid. The main tools that have been involved in our study are the mapping cone procedure and properties of liftings, of pseudo-liftings and of weighted ideals.
Introduction
In this paper, we deal with the problem of describing the minimal free resolution of configurations of lines in a projective space P n K of any dimension n over an infinite field K. We focus on complete grids of lines, which are particular configurations of projective lines that have been introduced in [18] and are obtained as the projective closure of affine lines that are parallel to the coordinate axes and pass through a lattice of points. In [19] , their Hilbert polynomial and function are explicitly described.
A complete grid of lines is a reduced projective variety with nice properties: it is CohenMacaulay and its defining ideal is generated by products of linear forms. More generally, configurations of linear varieties are not always Cohen-Macaulay or defined by products of linear forms (see [3, Proposition 5.7] ). They have been extensively studied by many authors in several mathematical contexts (for motivations and a survey see [5, 29] and the references therein, for example).
The study of configurations of linear varieties is also interesting when multiplicity conditions are given on the varieties. In this context, a complete grid of lines turns into a fat complete grid of lines if multiplicity conditions are posed on the lines of the grid. When the multiplicity conditions are the same for all the lines, we obtain a m-fat complete grid of lines, which has the same nice properties of a complete grid of lines (see [20] ).
Complete grids and m-fat complete grids are liftings of suitable monomial ideals, that we denote by Ω and Γ, respectively [20] . When liftings are replaced by pseudo-liftings, we obtain complete pseudo-grids and m-fat complete pseudo-grids, in which the affine lines are no more parallel to the coordinate axes. It is noteworthy that under certain general conditions pseudo-grids are seminormal, differently from grids.
In general, it is not easy to calculate the minimal free resolution of a configuration of linear varieties. In this paper, we explicitly describe the minimal free resolution of complete grids of lines in a projective space of any dimension n by proving, indeed, a conjecture that has been posed in the paper [15] (see [15, 17] for the case n = 3). We obtain an analogous result for complete pseudo-grids of lines and also a description of the Betti numbers of m-fat complete grids and pseudo-grids.
Our main result is that, over an infinite field K, the minimal free resolution of the defining ideal I(Y ) ⊂ R := K[x 0 , x 1 , . . . , x n ] of a complete grid of lines Y of type (ℓ 1 , . . . , ℓ n ) in P n K is 0 → F n−2 → F n−3 → · · · → F 1 → F 0 → I(Y ) → 0, where (1.1) (see Theorem 6.3 and Corollary 6.4). We prove this result by applying a mapping cone procedure to the above quoted monomial ideal Ω. This mapping cone procedure provides the free resolution with modules in (1.1), which turns out to be minimal due to properties of Ω and, more generally, of weighted ideals (see Section 5, especially Theorem 5.3). The syzygies of the complete grid can then be obtained by a standard Gröbner bases rewriting procedure, but also by the mapping cone procedure (Remarks 3.7 and 6.5).
When we consider pseudo-liftings of the ideal Ω, instead of liftings, we obtain complete pseudo-grids, which form a class of Cohen-Macaulay configurations of lines with the same graded Betti numbers of a complete grid of lines (see Corollary 4.11) . Under certain conditions, these configurations are seminormal (see Proposition 7.3) .
For what concerns configurations of lines with multiplicity conditions, we know that a m-fat complete grid of lines in P n K is a lifting of the above quoted monomial ideal Γ, and show that it has the same Betti numbers of a m-fat scheme of n general points in P n−1 K (Lemma 5.9 and Proposition 5.10). An analogous result holds for m-fat complete pseudo-grids of lines, which are the pseudo-liftings of the ideal Γ.
We highlight that the monomial ideals Ω and Γ are neither stable nor of decreasing type (see [30] ), and we cannot refer to already known results in order to compute their minimal free resolutions by a mapping cone procedure.
The paper is organized in the following way. After some preliminaries about minimal free resolutions that are recalled in Section 2, we retrace definitions and results about liftings and complete grids in Sections 3 and 4. In Section 5, the notion of weighted ideal is studied and information are obtained about the Betti numbers of the monomial ideals Ω and Γ, and hence of the configurations of lines that we are considering. In Section 6, we prove our main result. Finally, in Section 7 we explain the seminormality of complete pseudo-grids.
Some preliminaries and notation
For results about the computation of syzygy modules of polynomial modules, that go back to Janet, Schreyer, Möller, Mora, we refer to [25, Sections 23.7 and 23.8] , to the references therein, and to [22, chapters 2 and 3] . For definitions and results about Hilbert functions we refer to [9, 23] .
Recall that a free resolution of a homogeneous ideal
−→I −→ 0, where the modules E i = ⊕R β i,j (−j) are free and every integer β i,j is the cardinality of a set of non-necessarily minimal generators of degree j for the i-th module of syzygies of I. The integers β i,j are the graded Betti numbers of the resolution and every sum β i := j β i,j is the i-th Betti number of the resolution. If we ask that the above set of generators is minimal, we have a minimal free resolution, that is unique up to changes of coordinates. The Hilbert Syzygies Theorem guarantees that the minimal free resolution of a homogeneous ideal I ⊂ R is a finite exact complex of type 0 → F n δn −→ . . .
h,j (−j) for every h = 0, . . . , n, then the maximal integer h such that F h = 0 is the projective dimension of I. In this case, every graded Betti number β I h,j is the number of the minimal generators of degree j of the h-th module Syz h (I) of syzygies of I and is called graded Betti number of I. Analogously, every sum β If Y = Proj(R/I) is the closed projective scheme defined by a saturated ideal I, then the (graded) Betti numbers of I are also called (graded) Betti numbers of Y .
Lifting and pseudo-lifting of monomial ideals
For every integer n ≥ 2 and t ∈ N, we consider the variables x 1 , . . . , x n , u 1 , . . . , u t and the polynomial rings S = K[x 1 , . . . , x n ] and R = K[x 1 , . . . , x n , u 1 , . . . , u t ], over an infinite field K. If t = 1 then we set u 1 := x 0 . The following definition generalizes the definition of lifting given in [4, 13, 28] in terms of ideals or of K-algebras. . . , u t is a F -regular sequence and F/(u 1 , . . . , u t )F ≃ E, then F is said a t-lifting of E to R. If t = 1, then F is just called a lifting of E.
We now focus on a classic lifting procedure that is called t-lifting and on a more general procedure that is called pseudo-t-lifting. These procedures have been introduced and studied in [24] , and also investigated in [7] . Definition 3.2.
[24] Given a positive integer r, let A := (L j,i ) 1≤j≤n,1≤i≤r be a matrix of type n × r whose entries L j,i are linear forms in K[x j , u 1 , . . . , u t ] ⊂ R in which x j has a non-null coefficient. We call the matrix A a t-lifting matrix.
Given a monomial ideal J ⊂ S, denote by B J := {τ 1 , . . . , τ s } its minimal monomial basis and consider an integer r that is higher than or equal to any non-null exponent of a variable appearing in a term of B J . Then, we can take a t-lifting matrix A of type n × r and associate to J via A the homogeneous ideal I := (τ 1 , . . . ,τ s ) ⊂ R where, given any term τ = x α 1 1 . . . x αn n ∈ S with α i ≤ r for every i, we set
By [24, Corollary 2.10], the module F = R/I is a t-lifting of S/J and we will say that I is a t-lifting of J (via the matrix A). Moreover, S/J is a Cohen-Macaulay ring if and only if R/I is a Cohen-Macaulay ring (see [24, 
. . , L n,in are n-dimensional and pairwise distinct or, equivalently, the polynomials
A t-lifting matrix A always satisfies condition (α). So, if I is the t-lifting of a monomial ideal J via A, then I and J have the same height.
In order to generalize t-liftings, in [24] matrices with entries in the whole ring R and satisfying condition (α) of Remark 3.3 are introduced.
Definition 3.4.
[24] Given a positive integer r, let A := (L j,i ) 1≤j≤n,1≤i≤r be a matrix of type n × r whose entries L j,i are linear forms in the whole ring R satisfying condition (α) of Remark 3.3. We call the matrix A a pseudo-t-lifting matrix.
As for t-liftings, given a monomial ideal J ⊂ S with minimal monomial basis B J := {τ 1 , . . . , τ s }, we can take a pseudo-t-lifting matrix A and associate to J via A the homogeneous ideal (τ 1 , . . . ,τ s ) ⊂ R (see (3.1)), which is called a pseudo-t-lifting (or distraction) of J (via A). For any ideal N we denote byÑ its pseudo-1-lifting via the matrix A. (ii) Let A be a pseudo-t-lifting matrix and I the ideal obtained via A from a monomial ideal J. If A also satisfies condition (α ′ ) then √ I = I (see Remark 3.3) and if, moreover, J is unmixed, then the projective scheme defined by I is equidimensional (see [7, Propositions 1.14 and 2.5(3)]).
The following result is crucial for our purpose (for t-liftings see also [24, Prop. 2.6]). Remark 3.7. In [24, Example 2.7] it is explicitly observed that the syzygies of a t-lifting or pseudo-t-lifting of a monomial ideal J do not coincide with the liftings of the syzygies of J (see also next Example 4.8). This is essentially due to the fact that τ τ ′ =τ ·τ ′ , like it is highlighted in [2] . In case of t-liftings I of a monomial ideal J, J turns out to be the initial ideal of I (for example, see [1, Theorem 3.2] ). Thus, we obtain minimal generators of syzygies of I from minimal generators of syzygies of J by a Gröbner basis rewriting procedure, because the Betti numbers coincide.
Complete grids of lines and complete pseudo-grids
In this section, we recall the definition of complete grid of lines and its connection with liftings of monomial ideals that has been studied in the paper [20] , which was inspired by the investigations described in [7] and by some examples given in [16] . We also recover the definition of m-fat complete grid and introduce complete pseudo-grids. . . , A n := {a n1 , . . . , a nℓn } be subsets of elements of K. Then the set X ⊂ P n K consisting of the ℓ 1 ℓ 2 . . . ℓ n projective points with coordinates in
Note that when we consider a projective point P = (a 0 , a 1 , . . . , a n ) ∈ P n K we count the coordinates from 0 to n.
Definition 4.2. [18, Definition 4]
For every k ∈ {1, . . . , n}, denote by p ∞,k the projective point (0, . . . , 1, . . . , 0) ∈ P n K with null coordinates, except the k-th coordinate which is equal to 1, and by r p,k the line through a point p and p ∞,k . Given a lattice X of type (ℓ 1 , . . . , ℓ n ), the finite set Y := {r p,k : p ∈ X, 1 ≤ k ≤ n} is called a complete grid of lines of type (ℓ 1 , . . . , ℓ n ) (with basis the lattice X) (for short, complete grid). 
then we find the second syzygy [−x Definition 4.9. Let A = (L j,i ) 1≤j≤n,1≤i≤r be a pseudo-1-lifting matrix satisfying condition (α ′ ) of Remark 3.3 and A be the pseudo-1-lifting matrix whose j-th row begins with the sequence L j,1 , . . . , L j,ℓ j repeated m times, j ∈ {1, . . . , n}.
(1) A complete pseudo-grid of type (ℓ 1 , . . . , ℓ n ) is the projective scheme defined by the pseudo-1-lifting of Ω via A.
(2) A m-fat complete pseudo-grid of type (ℓ 1 , . . . , ℓ n ) is the projective scheme defined by the pseudo-1-lifting of Γ via A. Proof. It is enough to apply Propositions 4.7(i) and 4.10(ii).
Weighted ideals and Betti numbers of Ω and Γ
The shape of the monomial ideals Ω and Γ suggests the following definition.
Definition 5.1. Given n positive integers ℓ 1 , . . . , ℓ n , a monomial ideal J ⊂ S is said weighted (by (ℓ 1 , . . . , ℓ n )) if B J consists of terms of type x
Take a set of new variables y 1 , . . . , y n and the polynomial ring P := K[y 1 , . . . , y n ]. Given n positive integers ℓ 1 , . . . , ℓ n , we consider the following ring monomorphism:
. For convenience, we will denote by Φ also every map
t , where e k is the k-th generator of the canonical basis of
Given a weighted ideal J ⊂ S, there is always a monomial ideal J ⊂ K[y 1 , . . . , y n ] such that Φ(B J ) = B J , i.e. Φ(J) = J. In fact, it is obvious that every monomial ideal is weighted at least by (1, . . . , 1), but this case is banal. Proof. It is enough to observe that a primary radical decomposition of J is preserved by Φ because Φ is a ring monomorphism.
The ring monomorphism Φ gives the following crucial connection between the syzygies of J and those of J. . So, every minimal h-th syzygy of J is the image of a minimal h-th syzygy of J by the map Φ.
Conversely, by construction, a h-th syzygy of J is transformed by the map Φ in a h-th syzygy of J. The injectivity of the map Φ preserves the minimality of the generators. 
is non-unmixed and the Krull dimension of S/J is 1. The minimal free resolution of J is: . Then, for every ℓ 1 , ℓ 2 , ℓ 3 , the minimal free resolution of J is: Recall that the unmixed monomial ideal Ω = ∩ n k=1 (x is weighted by (ℓ 1 , . . . , ℓ n ) and an ideal Ω ⊂ K[y 1 , . . . , y n ] satisfying the equality B Ω = Φ(B Ω ) is generated by B Ω = {y i y j : 1 ≤ i < j ≤ n}. Hence, Ω := ∩ n k=1 (y 1 , . . . ,ŷ k , . . . , y n ) is the saturated ideal of the scheme of the n projective points (1, 0, . . . , 0) , . . . , (0, . . . , 0, 1) in P n−1 K . The graded Betti numbers of Ω coincide with the graded Betti numbers of the defining ideal of any set of n general points in P n−1 K , because a change of coordinates preserves graded Betti numbers. We mean that a set of n points in P 
Lemma 5.7. The minimal free resolution of the ideal Ω ⊂ P is of type
where, for every h ∈ {0, . . . , n − 2},
coincides with the h-th Betti number of the rational normal curve in P n K .
Proof. Like we have just observed, the ideal Ω defines a scheme of n projective general points in P n−1 K . Hence, Ω has the same Betti numbers of any scheme of n projective general points in P n−1 K , like a general hyperplane section Z of the rational normal curve C ⊂ P n K . The h-th Betti number of the rational normal curve is (h + 1) n h+2
, for every h ∈ {0, . . . , n − 2} (e.g. [10, Corollary 6.2]), and coincides with that of Z because C is arithmetically Cohen-Macaulay. Hence, we can conclude. m ⊂ S. For n = 3 the minimal monomial basis of Γ is explicitly described in [20] . We observe that Γ is a weighted ideal as well and find its minimal monomial basis for every n.
The ideal Γ = ∩ n k=1 (y 1 , . . . ,ŷ k , . . . , y n ) m ⊂ K[y 1 , . . . , y n ] is the saturated ideal of the mfat point scheme that is supported on the n projective points (1, 0, . . . , 0) , . . . , (0, . . . , 0, 1) in P n−1 K . The minimal monomial basis of Γ is well-know and described in [11, Theorem 2.4] for points in general position, which can be assumed to be the above points because they have the same Hilbert function, Betti numbers and resolution. (ℓ 1 , . . . , ℓ n ) with minimal monomial basis Proof. From Proposition 4.7, the graded Betti numbers of Y and of the ideal Γ coincide.
In particular, for every h ∈ {0, . . . , n − 2}, β Y h is equal to the h-th Betti number of Γ. On the other hand, the h-th Betti number of the ideal Γ coincides with the h-th Betti number of the ideal Γ, thanks to Lemma 5.9 and Theorem 5.3. We now can conclude because Γ is the defining ideal of the m-fat point scheme that is supported on the n projective points (1, 0, . . . , 0) , . . . , (0, . . . , 0, 1) in P n−1 K and a change of coordinates preserves Betti numbers, as we have already recalled. For the last statement it is enough to observe that if Y is a m-fat complete of type (1, . . . , 1) then Γ = Γ.
Minimal free resolution of a complete grid and pseudo-grid
In this section, referring to [6, 21, 27] , we apply an iterated mapping cone construction in order to obtain a free resolution of a complete grid Y that is minimal thanks to the results of Section 5. An analogous study follows for complete pseudo-grids. First, we recall the definition of mapping cone and the idea that supports the iterated procedure.
Definition 6.1. [9, Appendix A3] If α : E → F is a map of complexes and we write δ and ϕ, respectively, for the differentials of E and F, then the mapping cone of α is the complex G with G i := E i−1 ⊕ F i and differentials γ i :
. . , x n ] be a homogeneous ideal generated by f 1 , . . . , f m . For every c ∈ {1, . . . , m} set I c := (f c , . . . , f m ) and recall that there are the following short exact sequences with homomorphisms of degree 0:
If a free R-resolution E of R/(I c+1 : (f c )) and a free R-resolution F of R/I c+1 are known, then we can find a complex map α : E (− deg(f c )) → F which is a lifting of the multiplication by f c and whose comparison maps α i are of degree 0. We now recall how to find such a map α:
Letā be an element of a minimal system of generators of E 0 (−deg(f c )), we have δ 0 (ā) ∈ (I c+1 : (f c )) and δ 0 (ā)f c ∈ I c+1 . Thus there exists b ∈ F 0 such that ϕ 0 (b) = δ 0 (ā)f c and we can define α 0 (ā) = b. Now, let a be an element of a minimal system of generators of
And so on, we continue this construction obtaining a free resolution of R/I c , where I c = (f c ) + I c+1 , as a mapping cone of the complex map α:
Note that the map γ 0 is given by the generators f c , . . . , f n of the ideal I c . Moreover, for every i ≥ 1, the matrix M γ i associated to the map γ i (with respect to the canonical bases) is (6.1)
Such a resolution can be non-minimal. If Im(α i ) ⊆ m F i , that is the entries of the matrix M α i belong to the irrelevant maximal ideal m, then the free resolution obtained as mapping cone of α is minimal. However, this construction yields an inductive procedure to compute a resolution of R/I.
Remark 6.2. Suppose that for the above minimal free resolutions E, F we have 
In the cases k = 1 and k = 0 we have n−2 ) ⊂ S is a complete intersection and, hence, its minimal free resolution is 0 → E n−3 → E n−4 → · · · → E 1 → E 0 → b → 0, where
. . .
Recall that we are considering the monomial ideal Ω ⊂ S of which the defining ideal I(Y ) of a complete grid of lines Y of type (ℓ 1 , . . . , ℓ n ) in P n K is a 1-lifting. Theorem 6.3. The ideal Ω has minimal free resolution of type 0
Proof. By induction on n, first we show that Ω has a free resolution of the given type.
Observe that, if β h and β hj denote, respectively, the Betti numbers and the graded Betti numbers of this free resolution, then it is easy to compute j β hj = β h = (h + 1) 2 ) and the statement holds because there exists the exact sequence 0 → S(−ℓ 1 − ℓ 2 ) → Ω → 0. Now, assume that the statement holds for n − 1.
We have Ω = (x
S ⊂ S and the terms that are generators of Ω [2] involve the n − 1 variables x 2 , . . . , x n . By the inductive hypothesis, the minimal free resolution of Ω [2] as ideal of S [2] is known, and can be extended to a minimal free resolution F n : 0 → F n,n−3 · · · → F n,1 → F n,0 → 0 of Ω [2] S = Ω n as ideal of S, where:
. .
Thus, the mapping cone of E n (−ℓ 1 − ℓ n ) → F n that is induced by the multiplication by x ℓ 1 1 x ℓn n gives the following free resolution F n−1 of Ω n−1 = (x
. . . 2 and find a free resolution of Ω as it is described in the statement.
We now prove that this resolution is minimal. For every h ∈ {0, . . . , n−2}, denote by β , and hence β h = β Ω h . On the other hand, we have β
hj ≤ j β hj = β h , for every h ∈ {0, . . . , n − 2}. Moreover, we obtain β Ω hj ≤ β hj , for every graded Betti number, thanks to the wellknown fact that the number of minimal generators of a given degree for finitely generated standard graded K-algebras is an invariant, by Nakayama Lemma.
Hence, we obtain β Ω hj = β hj , for every graded Betti number, and so the free resolution of Ω that we have constructed by the mapping cone is minimal.
Corollary 6.4. A complete grid (or pseudo-grid) of type
Proof. The statement follows from Theorem 6.3 and Propositions 4.7 and 4.10.
Remark 6.5. The mapping cone procedure that has been applied to the ideal Ω in the proof of Theorem 6.3 can be also directly applied to either a 1-lifting or a pseudo-1-lifting of Ω, obtaining the same free resolution of Theorem 6.3. In fact, a matrix A whose entries are linear forms satisfies condition (α) of Remark 3.3 if, equivalently, the polynomials n ) also defines a complete intersection. Thus, we can replace all the ideals that are considered in the proof of Theorem 6.3 by the respective lifting via the matrix A because, by construction, we havẽ
n ) =b n−1 , and, for every 3 ≤ k ≤ n,
n ) +Ω [2] S) : (F n ) =b k−1 , where every idealb i is still a complete intersection. Hence we can repeat the construction of the mapping cone as in the proof of Theorem 6.3 replacing Ω byΩ.
We also observe that the syzygies of the resolution (1.1) can be computed directly by the mapping cone applied toΩ and thanks to formula (6.1). In the case of 1-liftings we can also apply a Gröbner rewriting procedure, like we have done in Example 4.8 thanks to Remark 3.7.
Seminormality of complete pseudo-grids
The results that have been presented until now are significant for n ≥ 3, although they also hold for n = 2. In this section, we consider the property of seminormality which is significant for every n ≥ 2.
Recall that an algebraic variety is seminormal at a point p if the local ring O X,p is seminormal. If X is seminormal at every point, then X is called seminormal. For definitions and properties of a seminormal ring we refer to [31, 14] .
In [18, Theorem 26] it is highlighted that a complete grid of lines of type (ℓ 1 , ℓ 2 , ℓ 3 ) in P 3 K , with ℓ 1 , ℓ 2 , ℓ 3 ≥ 2, is not seminormal. We now investigate the same problem for complete grid of lines in P n K , for every n ≥ 2, and observe that a complete pseudo-grid is seminormal if it is obtained by a pseudo-1-lifting matrix that satisfies condition (α ′ ) and the further condition that is introduced in next Definition 7.1. 
